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els. Using linear finite element analysis, this study evalu-
ates mathematical AAA models to examine the relation-
ship between peak wall stresses and the following
variables: AAA volume, maximum diameter, maximum
radius (for asymmetric aneurysms), maximum wall disten-
tion, aspect ratio (ratio of maximum diameter to mini-
mum diameter), local radii of curvature (in both
circumferential and longitudinal directions), and maxi-
mum stress as predicted by symmetric thin shell analysis
(as estimated from the ventral meridional contour). A
close association between each characteristic and peak wall
stress is a necessary (although not sufficient) condition
that must be satisfied if the variable is to be useful in pre-
dicting stress. Alternatively, if any characteristic is not
closely associated with stresses in these simple linear mod-
els, it will be unlikely to prove useful in predicting stresses
in the complex heterogeneous environments of natural
aneurysms.
METHODS
Three-dimensional models. Each aneurysm model
was constructed with a meridional contour to define the
maximum ventral displacement of the AAA wall. Elger’s
parabolic-exponential contour was used to model grad-
ual aneurysmal dilation, whereas Mower’s sinusoidal
contour was used to construct rapidly dilating
aneurysms.9,10 A family of six AAA models was con-
To optimally treat patients with abdominal aortic
aneurysms (AAAs), clinicians must balance the risks of
rupture against the risks of elective repair. The mortality
rate of elective repair, ranging between 4% to 9%, may be
greater than the risk of rupture in many cases.1-3 The risk
of nonoperative management depends on the probability
than an aneurysm will rupture, combined with the mor-
tality rate associated with rupture.3,4 Biomechanically,
AAA rupture occurs when mechanical stress exceeds the
tensile strength of aneurysm wall tissues.5,6 Stress there-
fore plays a crucial role in aneurysmal rupture, and the
ability to predict wall stress could prove useful in risk
assessment.6
Factors that influence AAA wall stresses are poorly
understood,7 but it would be clinically convenient to be
able to predict stresses on the basis of simple AAA charac-
teristics.8 The purpose of this study is therefore to deter-
mine whether stresses are consistently and reliably related
to simple characteristics in mathematical aneurysm mod-
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Simple geometric characteristics fail to reliably
predict abdominal aortic aneurysm wall stresses
Johnson Hua, BS, and William R. Mower, MD, PhD, Los Angeles, Calif
Purpose: The treatment of patients with abdominal aortic aneurysms (AAAs) is typically based on the potential for rup-
ture. Current rupture assessments are in turn based on statistics from aggregate populations and are incapable of pro-
viding precise risk estimates for individual AAAs. Significant benefit could be realized if rupture potential for individual
AAAs could be reliably determined on the basis of simple geometric characteristics or the results of symmetric thin-
shell analysis. This study seeks to determine whether it is possible to estimate wall stresses by use of these simple mea-
sures.
Methods: Linear finite element analysis was used to estimate the distribution of von Mises stresses in a series of homo-
geneous, isotropic, three-dimensional AAA models subject to static loading and assumed to have zero residual stresses.
The magnitude of the peak stress was tabulated for each model along with the following characteristics: aneurysm vol-
ume; maximum diameter; maximum radius; maximal wall distention; aspect ratio (ratio of greatest anteroposterior
diameter to transverse diameter); local radii of curvature (in both longitudinal and circumferential directions); and
maximum symmetric thin-shell stress estimates (on the basis of the meridional contour). The relationship between peak
stress and each of the characteristics was assessed by use of Spearman rank correlation coefficients, with values less than
0.95 interpreted as signifying unreliable associations.
Results: Peak stresses in the individual models ranged from 1.79 × 106 dyne/cm2 to 15.1 × 106 dyne/cm2. The cir-
cumferential and longitudinal radii of curvature were frequently able to predict the locations of high stress, but were
unreliable in predicting the magnitude of peak stress. The aspect ratio showed the strongest correlation with peak wall
stress (r = 0.88, 95% CI, 0.68-0.96), whereas the other characteristics showed even less correlation. Symmetric thin
shell analysis accurately predicted stresses in axially symmetric models, but it was incapable of predicting either the loca-
tion or magnitude of peak stress in asymmetric models.
Conclusions: Simple geometric criteria and symmetric thin shell analyses are unreliable in predicting AAA stresses.
Future attempts to estimate wall stress and assess risk of rupture for individual AAAs may require detailed three-
dimensional modeling. (J Vasc Surg 2001;34:308-15.)
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structed for each of these contours. Each family
included three aneurysms with asymmetric dilation and
three aneurysms with symmetric dilations. Each of these
three aneurysms was further defined by the elliptical
eccentricity of their maximum transverse cross section.
Eccentricities of 1.0 (circular), 1.2, and 1.5 were used to
define the asymmetric aneurysms, whereas eccentricities
of 1.0 (circular), 1.3, and 2.0 were used to define sym-
metric models. These values of eccentricity were deter-
mined by the requirement that all models exhibit a
maximum radius of no more than 2.0 cm and a maxi-
mum wall displacement (distance from normal aortic
wall to aneurysm wall) of no more than 1.0 cm.
The elliptic transverse cross sections were anchored to
the meridional contour at 1.0-mm increments (Fig 1).
These cross sections defined the outer wall of each
aneurysm. The distance from the posterior aneurysm wall
to the meridional contour defined the major axis for each
ellipse, whereas minor axes were determined by the eccen-
tricity assigned to the model. The maximum major axis of
the sagittally symmetric models (Fig 2; B1, B2, B3, D1,
D2, D3) was set to 2.0 cm (maximum wall displacement
of 1.0 cm), whereas the lateral displacement (minor axis)
decreased from 2.0 cm in the axisymmetric models (Fig 2;
B1 and D1) to 1.0 cm in the most eccentric models (Fig
2; B3 and D3). The maximum value for the major axis in
models exhibiting asymmetry (Fig 2; A1, A2, A3, C1, C2,
C3) was set at 1.5 cm (maximum wall displacement of 1.0
cm), whereas the minor axis decreased from 1.5 cm to 1.0
cm. The radius of the normal aorta was set at 1.0 cm.
Sinusoidal models exhibited 4.0 cm of longitudinal dila-
tion, whereas parabolic-exponential models exhibited 10
cm of dilation (including 3.0 cm of negligible dilation).
The models were given a length of 10 cm (including
adjacent normal aorta) with a uniform wall thickness of
0.15 cm.11 The aneurysm wall was divided into three con-
centric layers, and each layer was radially subdivided into
64 rectangular volume elements (Fig 1) to produce the
finite element meshing. This meshing produced elements
with a maximum aspect ratio of 2.8 and maximum nodal
errors of less than 5%.
Finite element analysis. Linear infinitesimal finite
element analysis (FEA) was used to estimate wall stress dis-
tributions. FEA involves determining the stress distribu-
tions on a finite collection of small, interlinked elemental
structures to determine the behavior of larger and more
complex structures. Technical details about FEA and the
hexahedral linear elastic formulations used in these analy-
ses can be found in cited literature.12-14 All models were
designed to be homogeneous and isotropic and to have
zero residual stresses and strains.
The meshing process generated AAA models contain-
ing 19,200 elements. Each model was assigned the fol-
lowing material properties: elastic modulus 10 × 106
dyne/cm2; shear modulus 3.3 × 106 dyne/cm2; and
Poisson ratio 0.49.15,16 The interior walls of each model
were subject to a normal systolic arterial pressure load of
1.6 × 105 dyne/cm2 (approximately 120 mm Hg). The
external walls were load free, and the two ends of each
AAA were constrained along the axial direction. The von
Mises stress distributions were computed on the final
geometry for each AAA model and used to assess poten-
tial for failure.
Assessing reliability. The volume, maximum diame-
ter, maximum radius (for asymmetric aneurysms), maxi-
mum wall distention, aspect ratio (ratio of greatest
anteroposterior diameter to transverse diameter; Fig 3),
and local radii of curvature (in both circumferential and
longitudinal directions) were tabulated for each AAA
model, as well as the magnitude of peak von Mises stress.
The peak symmetric thin shell estimates were obtained by
identifying the peak von Mises stresses in the two axisym-
metric models (Fig 2; B1 and D1).
Scatter-plots of each variable and maximum stress
were constructed to provide graphical representations of
association. Spearman’s rank correlation coefficient was
Fig 1. Geometry for finite element AAA representations are defined by meridional curve (thick line) and circular or ellip-
tical cross sections (thin lines) that define outer wall. Cross sections are defined at 1.0-mm intervals. Inner walls are defined
by 0.15-cm wall thickness. Finite element meshing is accomplished by dividing wall into three layers and 64 radial divi-
sions.
JOURNAL OF VASCULAR SURGERY
310 Hua and Mower August 2001
used to provide a mathematically objective assessment of
the association between each variables and peak wall
stresses.17 A correlation coefficient of 0.95 was interpreted
to indicate a reliable association.
RESULTS
Exterior wall. The distribution of wall stress for each
virtual AAA is shown in Fig 4. Each panel illustrates a fam-
ily of aneurysms. The uppermost models in each panel have
circular cross sections, whereas the lower models have
increasingly eccentric elliptical cross sections (with decreas-
ing transverse diameter and increasing maximal radii of cur-
vature). For each family, peak wall stress increased as the
aneurysm cross section became increasingly elliptical, and
the maximum radius of curvature increased in both circum-
ferential and longitudinal directions. Peak stresses ranged
from a minimum 1.79 × 106 dyne/cm2 (Fig 4, C1), to a
maximum 15.1 × 106 dyne/cm2 (Fig 4, D3).
Wall stresses varied markedly among the different fam-
ilies, in spite of similar maximum diameters and wall dis-
placements. Stresses peaked at the inflection points in
aneurysms having circular cross sections (Fig 4, A1, B1,
C1, D1), whereas maximal stresses developed on the sides
and posterior surface of more elliptical aneurysms (Fig 4,
A2, A3, B2, B3, C2, C3, D2, D3).
Interior wall. Aortic tissue has finite thickness, and
outer wall stresses may differ significantly from inner wall
stresses. This phenomenon is particularly evident in Fig 4,
D3 (shown in close up in Fig 5), where the inner wall
stress (15.0 × 106 dyne/cm2) is more than three times
greater than the outer wall stress (4.50 × 106 dyne/cm2).
Peak wall stress. The magnitude of peak stress varied
widely among the different aneurysm shapes. In general,
AAAs having circular cross sections exhibited lowest stresses,
whereas stresses increased as the cross sections became more
elliptical. The greatest stresses were found among aneurysms
Fig 2. Finite element representations of aneurysms used in stress analyses. Models in top row (A1, B1, C1, D1) exhibit
circular cross sections in regions of aneurysmal dilation, whereas models in lower two rows (A2, A3, B2, B3, C2, C3, D2,
D3) exhibit elliptical cross sections. Models in columns B and D exhibit anteroposterior symmetry, whereas those in
columns A and C are asymmetric.
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exhibiting the most eccentric cross sections. These peak
stresses occurred in regions characterized by an infinite
radius of curvature in the longitudinal direction.
The Table presents peak stress values for each of the
AAA models, along with corresponding values of each 
of the simple characteristics. Spearman rank correlation
coefficients reveal that peak stress was not consistently
associated with AAA volume, diameter, radius, wall dis-
placement, aspect ratio, radius of curvature in either the
circumferential or longitudinal directions, or estimates
from symmetric thin shell analysis. Aspect ratio exhibited
the greatest correlation coefficient (r = 0.88: 95% CI,
0.68-0.96), whereas the remaining variables showed lower
correlation with peak stress. This material is graphically
presented in the scatter-plots of Fig 6, which illustrate the
association between peak stresses and each of the variables.
These plots exhibit significant scattering and reveal that
none of the variables exhibit the monotonic type of asso-
ciation that is needed to provide reliable stress prediction. 
DISCUSSION
The current management of patients with AAA is
largely based on data from empirical studies, which indi-
cate that rupture potential increases with increasing age,
blood pressure, and aneurysm diameter.18-20 Although
such information may be reliable in predicting the inci-
dence of rupture in aggregate populations, it is unreliable
in predicting risk for individuals.21 Recent work has
focused on the critical association between aneurysm wall
stress and material strength and whether this association
can be used to improve risk assessment for individu-
als.6,7,9,10,22-24 Such assessments may be of particular
value in managing small AAAs, where the risk of rupture
may approach the risk of repair.25
For risk estimates to be clinically useful, their margin
of error must not exceed operative mortality rates.
Operative risk at experienced centers currently approaches
4% and is likely to improve with advances in medical sci-
ence.1-3 This low operative mortality rate implies that risk
assessments must be highly accurate and reliable. Because
rupture is a function of both wall stress and tissue
strength,5,6 errors in assessment of either of these parame-
ters can contribute to the overall margin of error. This
places further limits on the acceptable margin of error in
assessing wall stress alone and motivates the high correla-
tion required by this study.
All of the variables examined in this study produced
widely scattered estimates of wall stress. None of them
demonstrated the consistent and monotonically increasing
or decreasing relationship needed for reliable stress pre-
diction. Even aspect ratio, which correlated relatively well
with peak stresses, proved unreliable in predicting stress in
individual aneurysm. For example, models B3 and D3
have identical aspect ratios, yet their peak stresses differ by
a factor of 2.6. Close inspection of the Table reveals dis-
crepancies of equal or greater magnitude for each of the
study variables. Operative risk is minuscule in comparison
to errors of this magnitude.
Fig 3. Important geometric characteristics of AAA cross sections. (A) DAAA, Maximum aneurysm diameter; RA, radius of
normal aorta; RAAA, radius of aneurysm; ∆AAA, wall distension (Note; ∆AAA = RAAA – RA). (B) ra, Circumferential radius
of curvature at point a; rb, circumferential radius of curvature at point b. (C) Major axis aM, minor axis am; aspect ratio =
aM/am.
A B
C
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Our selection of study variables was motivated by both
theoretical and empirical concerns.9,18,20,21,26 Aneurysm
diameter, for example, is known to be associated with
aneurysm rupture in aggregate populations and is heuris-
tically supported by the law of Laplace. However, AAA
wall stress is not directly related to aneurysm diameter9
and is known to be unreliable in predicting risk for indi-
vidual patients.21 Similarly, concerns about wall distension
and asymmetric dilation motivated the investigation of
radius and displacement,6,26 whereas results from finite
element analysis, thin shell theory, and clinical experience
prompted investigation of radii of curvature, aspect ratio,
and AAA volume.5,9,27,28 In spite of such theoretical sup-
port and the potential convenience of being able to pre-
dict risk of rupture on the basis of easily measured AAA
characteristics, none of the examined characteristics have
the ability to predict peak stresses, let alone risk of rupture,
with the accuracy needed for clinical inference.
Meridional curves and thin shell stresses. Simple
characteristics may, in part, be unreliable because they are
poor indicators of overall AAA shape. Elger et al,9 using
concepts from thin shell theory, were able to develop for-
mulas that predict aneurysm wall stresses for axisymmetric
AAAs on the basis of aneurysm shape and the meridional
contour. Predictions from our axisymmetric analysis (Fig
4, B1, D1) agree in both location and magnitude with
stresses predicted by use of Elger’s formulas.9 However,
stresses in our asymmetric models do not resemble stress
distributions found in the symmetric models, even when
the models exhibit identical diameters and meridional
contours (Fig 4; panel B1 versus B2 and B3; panel D1 ver-
sus D2 and D3). These findings demonstrate the impor-
tance of overall shape in determining stress distributions
and how subtle variations in either meridional or circum-
ferential contour can produce significant changes in both
the distribution and magnitude of peak stress. These
results also indicate that distributions calculated for
axisymmetric models are not useful in determining stresses
in asymmetric aneurysms. Because most natural aneurysms
are asymmetric,21 the results of symmetric modeling have
limited use in determining risk of rupture.
This study is unique in being the first to use three-
dimensional solid elements to evaluate stresses within the
walls of asymmetricaneurysm models. Our analyses demon-
strate that stresses vary through the depth of the AAA wall
(Figs 4 and 5). Should stresses at one depth reach critical
levels, local tissues would fail. Adjacent tissue would then be
subject to additional loading and may also fail, precipitating
a cascade that eventually ruptures the entire wall. This type
of event is impossible to identify with thin-shell models that
provide only estimates of average stresses and assume uni-
form wall thickness. Furthermore, although not evaluated
in this study, variations in wall thickness are known to pro-
duce important changes in AAA stress.7,24
Fig 4. Distribution of von Mises stresses on anterolateral and interior surfaces of aneurysms evaluated in this study. Stress
legend is illustrated on right. Red areas indicate regions of high stress. Stresses are generally greater in aneurysms that have
relatively flat walls (large radii of curvature) and lower in aneurysms that exhibit more rounded walls (smaller radii of cur-
vature). Stresses are lowest in normal aortas (for clarity, edge effects caused by vascular tethering have been deleted).
Interior cross sections of each aneurysm also provide visualization of stress distributions within wall of aneurysm.
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This study is also the first to identify a small aneurysm
with the potential for rupture. Clinical experience reveals
that small aneurysms (< 4.0 cm diameter) occasionally
rupture,21 but existing models have never exhibited
stresses at magnitudes associated with rupture. In contrast,
the model in Fig 4, D3, attains a peak stress of 15.1 × 106
dyne/cm2, well above the 6.5 × 106 dyne/cm2 associated
with aneurysmal failure29 and exceeding even the 12.1 ×
106 dyne/cm2 strength of a normal aorta.29 In fact, large
areas of this oblate aneurysm exceed the stress levels asso-
ciated with failure. This example suggests that oblate
aneurysms may have a greater risk of rupture than similar
axially symmetric AAAs.
Limitations. This study analyzed stress in relatively
smooth, symmetric, homogeneous, and isotropic AAA
models by use of linear infinitesimal theory with assump-
tions of zero residual stresses and strains and uniform con-
stant loading. Natural aneurysms are less ideal structures
that have complex and irregular shapes (including blebs)
and inhomogeneous and anisotropic walls with variable
thickness.11,21,28 Furthermore, natural aneurysms exhibit
complex elastic and plastic behavior and have nonnegligi-
ble residual stresses.29,30 Thus it is unlikely that the distri-
butions found in this study represent stresses in natural
AAAs. However, the complexity of natural aneurysms
actually serves to strengthen our findings. If the charac-
teristics evaluated in this study fail to reliably predict stress
in simple idealized models, they are unlikely to perform
any better in the irregular and complex aneurysms found
in nature.
The study also used von Mises deformational criteria
to identify critical stresses. Although such stresses are
often used in structural assessments, including studies of
AAAs,7,21,28 they may not be relevant to natural
aneurysms. It will be impossible to estimate the errors pro-
duced by this assumption until a theory of critical stress is
developed and validated for AAAs. However, it is likely
that any such theory will prove to be more complex than
our simple models and even less amenable to prediction
with simple characteristics.
Future work. Our combined analyses indicate that
AAA wall stress is a complex function of aneurysm geome-
try that cannot be reliably estimated by the simple
aneurysm characteristics presented in this study. These find-
ings have significant implications for future biomechanical
studies and substantiate Raghavan’s22 assertion that
detailed modeling of individual aneurysms may be required
for meaningful risk assessment of individual AAAs.
The detail required for accurate modeling is still
unclear, and there is a vast amount of work to be done to
determine which aneurysm characteristics require meticu-
lous modeling. Previous work with linear elastic models
Fig 5. AAA stresses vary within thickness of wall and may be significantly different on inner and outer wall of aneurysm.
Close up view of aneurysm in Fig 4, D3, reveals inner wall stresses of 15.0 × 106 dyne/cm2, more than three times greater
than outer wall stresses of 4.50 × 106 dyne/cm2.
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reveals that surface irregularities, variations in wall thick-
ness, and wall inhomogeneities (such as atheromatous
plaque), produce significant changes in AAA wall
stress.7,23 Other factors such as vascular tethering and
mural thrombus produce less significant but measurable
changes in wall stress,7,9 whereas factors such as viscous
drag, load variations from pulsatile flow, and anisotropic
material properties appear to generate insignificant
changes.7 Other considerations such as the importance of
nonlinear material properties and the effects of residual
stresses have yet to be evaluated in detail.
It is also important to note that most biomechanical
studies have focused on assessing stresses, with relatively
little attention devoted to the relationship between AAA
tissue strength and aneurysm rupture. This knowledge
may be of critical importance because aneurysm rupture
Peak wall stresses, aneurysm volume, maximum aneurysm diameter, maximum radius, wall displacement, aspect ratio,
circumferential radius of curvature, longitudinal radius of curvature, and peak symmetric thin shell stress in asymmetric
aneurysms
Peak
Peak Circumferential Longitudinal symmetric 
stress Maximum Maximum Wall radius of radius of thin shell
(× 106 Volume diameter radius displacement Aspect curvature curvature stress  (× 106
Model dyne/cm2) (mL) (cm) (cm) (cm) ratio (cm) (cm) dyne/cm2)
A1 1.94 20.1 3.0 2.0 1.0 1.00 1.50 ∞ 2.09
A2 2.01 17.9 3.0 2.0 1.0 1.20 1.80 ∞ 2.09
A3 3.88 15.7 3.0 2.0 1.0 1.50 2.25 ∞ 2.09
B1 2.09 29.9 4.0 2.0 1.0 1.00 2.00 ∞ 2.09
B2 2.83 24.4 4.0 2.0 1.0 1.33 2.67 ∞ 2.09
B3 5.87 18.9 4.0 2.0 1.0 2.00 4.00 ∞ 2.09
C1 1.79 50.0 3.0 2.0 1.0 1.00 1.50 ∞ 1.95
C2 4.21 44.6 3.0 2.0 1.0 1.20 1.80 ∞ 1.95
C3 8.01 39.2 3.0 2.0 1.0 1.50 2.25 ∞ 1.95
D1 1.95 75.0 4.0 2.0 1.0 1.00 2.00 ∞ 1.95
D2 5.84 60.9 4.0 2.0 1.0 1.33 2.67 ∞ 1.95
D3 15.1 46.9 4.0 2.0 1.0 2.00 4.00 ∞ 1.95
Correlation N/A 0.0 0.29 0.0 0.0 .88 0.80 0.0 –0.24
coefficient (–0.57 (–0.33 (–0.57 (–0.57 (0.68 (0.42 (–0.57 (–0.71
(95% CI) -0.57) -0.73) -0.57) -0.57) -0.96) -0.94) -0.57) -0.38)
Fig 6. Graphical representation of relationships between wall stress (× 106 dyne/cm2) and simple characteristics of AAA.
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occurs when stress exceeds the ultimate strength of local
vascular tissues.5,6 It is possible that decreases in tissue
strength may actually precipitate rupture in many
aneurysms.31,32
Finally, there is no guarantee that even exquisitely
accurate models will be useful in predicting rupture. This
is because rupture ultimately depends on the loads applied
to AAAs. It may be difficult or impossible to accurately
model the loading produced by retroperitoneal structures
or loads produced in response to spurious events such as
coughing or Valsalva’s maneuver.
Ultimately, the scope and utility of biomechanical
modeling will need to be evaluated in clinical trials. On the
basis of the results of this study, there appear to be few
additional areas of AAA biomechanics that can be reliably
addressed with idealized models. Future studies will need
to follow the lead of Raghavan et al22 and focus on mod-
eling natural structures.
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